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Electron-Beam-Generated Plasmas in Hypersonic
Magnetohydrodynamic Channels
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A novel concept is analyzed of hypersonic cold-air magnetohydrodynamic(MHD) power generators and accel-
erators with ionization by electron beams. Ionization processes are considered in detail. Strong coupling between
hypersonic boundary layers and electrode sheaths is demonstrated, and anode voltage fall in hypersonic MHD
channels is shown to be very high. A potential anode sheath instability and ways to suppress it are discussed.
Electron beams are shown to be capable of generating an adequate conductivity in cold air, while allowing full con-
trol and stable operation of MHD channels. Example calculations of hypersonic accelerator and power generator
performance appear to be promising.

I. Introduction

O VER the past several years, new applications of magneto-
hydrodynamic (MHD) technology to hypersonics have been

proposed.One concept, called AJAX, was proposed in Russia about
10 years ago.1,2 A key element of AJAX is a MHD power generator
at the inlet of the airbreathinghypersonicengine. The MHD device
would reduce the total enthalpy of the � ow, which could allow the
engine to operate in subsonic or low-supersonic regime in a hyper-
sonic� ight.The generatedelectricitycouldbe used to powervarious
electromagneticdevices onboard or to provide a MHD acceleration
of the engine exhaust � ow (the so-called MHD bypass).

Another proposal is a MHD acceleration of hypersonic � ow
that would allow building a long run time, high dynamic pressure,
medium- or large-scale hypersonic wind tunnel.3,4 Currently under
development as a part of the MARIAH II project, this concept re-
lies on an ultrahigh-pressure(10,000–20,000atm), low-temperature
(about 1000 K) plenum, followed by laser or electron-beamenergy
addition to dense air as it expands in the supersonic nozzle and
subsequent augmentation of total enthalpy in a hypersonic MHD
accelerator channel.

Potentially, both novel MHD applications, power extraction and
� ow acceleration, could revolutionize high-speed � ight. However,
there are substantial scienti� c and engineering challenges in the
developmentof these concepts.The challengesresult from the range
of conditions and parameters dictated by the applications.

In both AJAX and MARIAH II, air would enter the MHD channel
with a static pressureof about0.1 atm, temperatureof a few hundred
Kelvin (in AJAX, the static temperature could reach about 1000 K
at the channel exit), and velocity of 2000–4000 m/s. This range
of conditions drastically differs from that in conventional MHD
channels.Those channelsuse high-temperature(above 2500 K) gas
seeded with alkali metals to produce an adequate ionization. This
traditional method of sustaining electrical conductivity would not
work for AJAX power generators and MARIAH II accelerators.At
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hypersonic speeds, Mach 8 and above, mixing of the injected seed
with the � ow is very problematic. More important, at temperatures
of 1000 K and lower, thermal ionizationof even cesium is far below
that required for MHD operation. Additionally, thermal ionization
in hot hypersonicboundary layers would be much higher than in the
core � ow, resulting in short circuiting through the boundary layer.

Cold hypersonic MHD channels would, therefore, have to rely
on a nonthermal ionizationmechanism. Of course, ionization is not
in equilibrium in all glow discharges. There, electrons receive en-
ergy from an electric � eld, and, because of slow electron–molecule
energy exchange due to large mass difference, high electron tem-
perature can be sustained. With mean electron energy of at least a
few electronvolts,there is a substantial fractionof high-energyelec-
trons capable of ionizing molecules in collisions. However, there
are major obstacles to using this ionization mechanism in MHD
channels. First, to minimize joule heating and entropy increase in
the channel, an effective electric � eld has to be very low,3,4 result-
ing in electron temperatures below 1 eV. Such electric � elds and
electron temperatures would not be enough for the needed ioniza-
tion of air. Introducing a seed with low ionization energy, and thus
combining seeding with nonequilibrium ionization, may seem at-
tractive.Nevertheless, this approach is very problematic because of
the mixing problem and short circuiting through the boundary layer
as described in the preceding paragraph.

Anotherproblemassociatedwith nonequilibriumionizationis an
instabilitythat tendsto breakan initiallyuniformcolddiffuseplasma
into narrow hot arcs. Indeed, if a � uctuation locally increases tem-
perature and reduces density, an increased electron mean free path
would allow electrons to gain more energy from the electric � eld,
resulting in higher local electron temperature. This would locally
enhance ionization and joule heating, increasing temperature even
further, etc. High gas density and strong magnetic � elds both tend
to restrict electron mobility and heat conduction, preventing local
� uctuations of temperature and electron density from dissipating
rapidly, thus lowering the instability threshold.

Thus, devising an effective and stable method of generating an
adequate nonthermal ionization is the � rst-order problem in de-
veloping hypersonic MHD devices. In this paper, we present and
analyze such a method: injecting high-energy electron beams into
the channel along magnetic � eld lines. In Sec. II, the method and
its potential advantages are described. In Sec. III, modeling of ion-
ization pro� les created by electron beams is discussed, focusing on
ionization uniformity and its effects on supersonic � ow. In Sec. IV,
we discuss phenomenaoccurringnear channelwalls and electrodes.
In Sec. V, simpli� ed models of charge kinetics and vibrational re-
laxation relevant to hypersonic MHD plasmas are described, and
sample resultsof modelingMHD acceleratorsand power generators
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with electron-beamionizationare shown.Finally, in Sec. VI, a sum-
mary of � ndings and outline of future work are given.

II. Electron-Beam Ionization in MHD Channels:
Qualitative Analysis and Potential Advantages

As discussed, the hypersonic MHD channels would operate at
low temperatures and low values of electric � eld. These conditions,
together with the need to avoid short circuiting through hot, highly
conductiveboundarylayers, and with the great dif� culties in mixing
injected seed with hypersonic� ow, preclude the use of both thermal
and nonequilibriumself-sustainedionization.Thus, the only way to
sustain an adequate conductivity is to use an external ionizer.

High-energy electron beams are, of course, the most ef� cient
ionization sources. For the most ef� cient transfer of the required
ionizationenergy to an outer-shellelectron, the mass of the incident
particle should be equal to the electron mass. Therefore, photons
and heavy particles (atoms, ions) are much less ef� cient. Addi-
tionally, in a plasma, such as that in glow discharges, where mean
electron energy is a few electronvolts, only a small fraction of the
electrons (the high-energy tail) would actually do the ionization,
while most of the energy received from the electric � eld is spent on
excitation of molecular and atomic states and on heating. In con-
trast, high-energy beam electrons would collisionally ionize atoms
and molecules with very high probability, and secondary electrons
would cause additional ionization. Thus, a cascade of electrons is
generated as the beam slows down. The net effect is approximately
one ionizedmolecule or atom for every35 eV lost by the beam. This
ionization cost is only two to three times greater than the ionization
energy of air molecules.

The basic con� gurationof a FaradayMHD channelwith electron-
beam ionization is shown in Figs. 1 and 2. An array of individually
ballastedsegmentedelectrodescreatesa transverseelectric � eld and
generatesan electric current.The magnetic � eld, orthogonal to both
the electric � eld and the � ow direction, produces the accelerating
or decelerating j B force (in Figs. 1 and 2, the accelerator case is
shown). Total � ow enthalpy is affected not only by the j B force,
but also by the inevitable jouleheating and by the energy input from
the ionizatingbeams. The beams, as shown in Figs. 1 and 2, have to
be injected along magnetic � eld lines because the electrons tend to
spiral around the � eld lines and calculations show that the Larmor

Fig. 1 Schematic of an MHD channel with electron-beam ionization.

Fig. 2 Schematic of an MHD channel with electron-beam ionization:
side view.

radius is less than a millimeter under typical conditions of AJAX
and MARIAH II channels.

To impart or extractan enthalpyof a few megajoulesper kilogram
to/from air� ow at densities on the order of 0.1-atm density, over a
reasonable length, 1–4 m, an electron number density at least on
the order of 1012–1013 cm 3 is required.3,4 Estimates performed in
Refs. 3 and 4 indicate that this electron number density could be
sustained by an array of electron beams with energy of 10–50 keV
and beam current density of between 1 and 100 mA/cm2 .

As a practical matter, it would be very hard if not impossible to
have electron beams � ll out the entire sidewall of the channel more
or less uniformly. Indeed, the beams would be generated in vacuum
and would have to be injected into the channel through some foils
or windows. The windows or foils would be heated by the beams
passing through and also would have to be of suf� cient mechanical
strength. If the beam current density is on the order of 1 mA/cm2

or less, thin metallic foils with passive cooling should suf� ce.5 For
higher beam current densities, either active cooling or the new tech-
nology of so-called plasma windows or ports6,7 would have to be
utilized. In any case, electron beams will be passed through only
a part of the sidewall, and Fig. 1 shows the pass-through foils or
windows as a periodic array of strips.

The rate of energy loss by the beam electrons is fairly indepen-
dent of energy if the electron energy is greater than a few hundred
kiloelectronvolts (Refs. 5 and 8). However, in the 30-keVrange, the
energy loss per unit length traversed increases strongly as the elec-
tron energy decreases. Thus, the energy deposition per unit length
by the beam is not uniform across the MHD channel. In addition,
the electrons tend to follow the magnetic � eld across the channel
because any attempt to travel perpendicularto the � eld lines results
in a helical path due to the Lorentz force.

Modeling of electron-beam-generated ionization pro� le across
the channel will be addressed in the next section. To conclude this
section, we list several advantages of the ionization by electron
beams.

1) Electron beams represent the most ef� cient way of ionizing
cold gases. Even at low temperatures and low electric � eld, an ade-
quate electricalconductivityfor MHD operationcan be createdwith
reasonable beam energy and current.

2) Because for high electronenergiesionizationcross sectionsin-
crease when the incident electron energy decreases, beams injected
from the sidewall would generatehigher ionizationinside the chan-
nel than near the wall. Thus, the problemof short circuiting through
the hot, highly conductiveboundary layer, severely limiting perfor-
mance of conventionalMHD devices, can be minimized in devices
with electron-beamionization.

3) Collisional plasmas with externally sustained ionization are
inherently more stable than those of self-sustained nonequilibrium
discharges.Indeed, ionizationgeneratedby electronbeams is essen-
tially decoupled from both temperature and electric � eld. A local
positive � uctuation in temperature that would have led to arcing in-
stability in self-sustaineddischarges (see preceding section) would
result in reduced ionization by electron beams and reduced local
heating, stabilizing the plasma. Moreover, conventional MHD de-
vicescannotoperateathighvaluesofHall parameter.(A Hall param-
eter is the ratio of the electron cyclotron frequency to the electron,
heavy particle collision frequency.) This is due to reduced electron
mobility across the magnetic � eld, which prevents electron density
� uctuations from dissipating, leading to instability, similar to the
ionization–thermal instability at high pressures. Although, to our
knowledge, stability of MHD plasmas with external ionization has
not been studied, it is conceivable that having an ionization source
independent of temperature and local electron density could break
the instability loop. Note that collisionlessplasma instabilities such
as the beam–plasma instability that would transfer energy of beam
electrons into Langmuir oscillations would not be important at the
relatively high gas densities and low beam currents considered in
this paper.

III. Electron-Beam-Generated Ionization Pro� les
Ionizationpro� les generated by electronbeams can be computed

by the CYLTRAN code developedat Sandia National Laboratories
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Fig. 3 Trajectories of 10 primary electrons for a 23-keV electron beam injected from the left side of the graph at z = 0 cm.

Fig. 4 Power deposition for a uniform electron-beam injected from the
left (——) and right (- - - -) and the total power deposition from the two
beams ( ¢ ¢ ¢ ¢ ).

as a part of the Integrated Tiger Series (ITS) codes.9 CYLTRAN
is a Monte Carlo type code computing many individual trajecto-
ries and incorporatingelastic and inelastic scattering.The code was
exercisedby one of the authors (Lipinski) for typical conditionsex-
pected in hypersonicMHD channels. Figure 3 shows the individual
electron trajectoriesfor separate23-keVelectrons injected from the
left side of the graph at z 0. Note how the 7-T � eld overcomes the
scattering from collisions with the air and keeps the electrons trav-
eling straight across the channel. Note also how the electrons come
to rest at different � nal locations. This effect is called straggling.

Figure 4 shows the energy depositionrate (in watts per cubic cen-
timeter) for a uniform beam (which in this case means it is uniform
in the x and y direction for at least several millimeters because that
is the zone that the magnetic � eld con� nes the beam to). The solid
line shows the deposition rate for a beam injected from the left side
of the graph. Note how the deposition rate increases as the beam
progresses and loses energy. (Lower-energy electrons deposit en-
ergy more rapidly.) However, the total deposition rate then starts to
fall off due to straggling because some of the electrons come to a
stop before others.

The power depositionpro� le will match the inducedconductivity
pro� le, and so we really would prefer a more uniform deposition
than is shown in Fig. 4 by the solid line. A solutionis to have another
beam injected from the other side in the opposite direction. This is

shown in Fig. 4 as a dashed line. The total deposition will be the
sum of the two and is shown as a dotted line. It is fairly uniform if
the initial beam energy for both beams is 23 keV.

The CYLTRAN trajectorycode is capableof predictingthe beam
energy deposition and ionization rate pro� les across the channel,
provided that the density pro� le is known. However, to build a com-
prehensive computational model, the beam propagation code has
to be coupled with two- or three-dimensional viscous gasdynam-
ics, electrodynamics,and ionization–recombinationkinetics.Monte
Carlo trajectory codes are very computationallyintensive, and their
inclusion into full models could be done only at the expense of
oversimpli� ed kinetics and MHD.

An alternative approach is to use differential equations in the
so-called forward–backward approximation,4 suggested in Ref. 10
and, independently,in Ref. 11.This approachis essentiallyquasione
dimensional,and it can be used in ourcasebecause(as seen in Fig. 3)
given that the Larmor radius of the beam electrons in a magnetic
� eld of severaltesla is less than a millimeter, the beams spiral around
the magnetic � eld lines virtually without lateral scattering.

Kinetic equations for beam electrons in the forward–backward
approximation assume that all electrons move along the z axis
and that they scatter in elastic collisions with molecules either for-
ward or, with a probability n , backward. In inelasticprocesses,such
as excitation and ionization of molecules, electrons lose their en-
ergy, but are assumed not to deviate from the direction of their
motion.

At steady state, the two unidirectional(paralleland antiparallelto
z axis) spectral � uxes, that is, � uxesof beamelectronshavingenergy
between e and (e de ), assuming no electric � eld component in z
direction, can be found from4,10

@C 1

@z
n

C 2 C 1

lm( e )
Q( C 1),

@C 2

@z
n

C 1 C 2

lm( e )
Q( C 2 ) (1)

where Q are inelastic electron collision terms and lm( e ) is the
electron–molecule momentum-transfer mean free path determined
by the transport cross section r m ( e ). For gas mixtures,

1
lm( e )

k

Nk r m,k( e ) (2)

where Nk are number densities of the components of the mixture.
Excitation of the nth quantum state of a molecule of the kth

component, requiring electron energy I k
n , and electron-impact
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ionization, requiring, in the � rst approximation, energy equal to
the ionization potential I k

i , lead to inelastic collision terms Q:

Qk ( C 1,2 )
n ,k

Nk C 1,2(z, e ) r k
n ( e )

n,k

Nk C 1,2 z, e I k
n r k

n e I k
n (3)

where r k
n ( e ) are excitation and ionization (lower index i ) cross sec-

tions, and the 1 and 2 subscripts imply either the parallel or antipar-
allel to the beam component.The local ionizationrate is the number
of ionization events in 1 cm3/1 s at a given location z:

q(z)
k

Nk
I k
i

( C 1 C 2 ) r k
i ( e ) de (4)

One of the well-known parameters of electron-beam interaction
with gases is the so-called ionization cost W k

i , that is, the mean
energy of production of an electron– ion pair in beam electron col-
lisions with molecules of the kth component. At primary electron
energies above a few hundred electronvolts, W k

i is virtually inde-
pendent of the beam energy spectrum and is determined by the gas
composition only. For example, in air, pure nitrogen, and oxygen,
Wi 34, 35, and 30.9 eV, respectively.4,5,8 Therefore, in the inelas-
tic collision integral Q for fast electrons, the term correspondingto
the source of electrons of energy e due to ionization can be written
as

k

Nk C 1,2 z, e W k
i r k

i e W k
i , e W k

i e b (5)

where e b is the beam electron energy.
Boundary conditions and the procedure of solving kinetic equa-

tion in the forward–backward approximationare discussed in detail
in Ref. 10.

Despite being signi� cantly simpler than Monte Carlo methods,
and almost as accurate,10 self-consistent computations employing
forward–backwardapproximationare still quite cumbersomedue to
the need to iterate at each time step. The problemis simpli� ed if the
kinetic equation is solved in the forward approximation4,10 consid-
ering only inelastic electron–molecule collisions that are assumed
not to change the direction of electron motion. This approximation
is justi� ed in our case because, for the main, ionizing part of the
energy spectrum of the beam, inelastic cross sections considerably
exceed the momentum-transfer cross section r k

n (e ) r m( e ), when
e > 500 eV.

As demonstrated in Refs. 4 and 10, the forward approximation
gives a good accuracy compared with the full forward–backward
method, and both of them agree reasonably well with Monte Carlo
modeling.Computationsof ionizationpro� les across an air channel
using the forward approximationwere discussed in detail in Refs. 4
and 12. In Ref. 12, effects of nonuniform ionization pro� les were
exploredby solvingtwo-dimensionalNavier–Stokes equationscou-
pled with electron-beampropagation across the channel and beam-
generated ionization pro� les in a constant-areaduct.

IV. Electrode Sheaths and Boundary Layers
in Hypersonic MHD Channels

A. Qualitative Analysis
Understanding near-electrode space-charge sheaths and � uid

boundary layers in hypersonic MHD channels is critical because
of a strong coupling between charge particle kinetics, electromag-
netics, and � uid mechanics. Here, we only present a qualitative
analysis, illustrated by a few sample calculations. Note that turbu-
lent boundary-layercalculations in Ref. 13 and in the present paper
used the turbulence model described in Refs. 14 and 15. Turbulent
transportwas accountedfor by an effectiveeddy viscosity,using the
algebraic Prandtl–Boussinesq model (see Refs. 14 and 15).

Modelingof plasma � ows in MHD power generatorsand acceler-
ators is usuallydonewithin the frameworkof single-� uid MHD. For
processes inside the plasma, far from the walls and electrodes, this
approximation is quite justi� ed. However, because a strong trans-
verse electriccurrenthas to be sustainedin the channelto give rise to

acceleratingor deceleratingponderomotive(or ampere) forces,pro-
nounced cathode and anode charge sheaths are necessarily formed
through which the current has to � ow. In a strong transverse mag-
netic � eld, electron mobility is reduced, which can dramatically
alter characteristics of the near-electrode sheaths, especially those
of the anode sheath. The thicknessof the sheathscan be comparable
with that of the hypersonic � uid and thermal boundary layers. This
can result in a strong coupling between the charge sheaths and � uid
boundary layers. For example, characteristics of a charge sheath
would be affected by the reduced density, high temperature, and
turbulence in the hypersonic boundary layer, whereas the pondero-
motive force could signi� cantly increase or decrease the effective
viscosity, thus changing the boundary layer.

Two-dimensionalmodelingof ionizedgas � ow in an MHD accel-
erator depends substantiallyon the choice of the coordinate plane.
In the (x , z) or (u, Bz ) plane, there is no electric current, and the
plasma is quasi neutral everywhereexcept in near-wall regionswith
the thickness of the order of the debye length. The debye length is
negligibly small in comparison with the boundary-layer thickness
d , and the voltage fall across the near-wall regions, D Vz Te, can
be neglected. Therefore, the � ow in this plane can be treated with
single-� uid MHD.

Much more complex is the � ow in the (x , y) or (u, jy ) plane,
where electric current jy gives rise to the ponderomotive force di-
rected along x . Near the walls that are also electrodes, charge sep-
aration occurs forming the anode and cathode sheaths. It is well
known that the anode voltage fall Va and the anode sheath thick-
ness da are negligible compared with the respective cathode-sheath
values Vc and dc (Ref. 16). The dramatic differencebetween the an-
ode and cathode sheaths stems from the strong difference between
electron and ion mobilities under normal conditions, l e / l 102.
However, in our case, electrode sheaths are immersed into hot and
rare� ed hypersonic boundary layers. Additionally, and very impor-
tantly, electric current in the sheaths has to � ow across a strong
magnetic � eld that substantially reduces electron mobility. Thus,
one could expect boundary layers and electrode sheaths to be very
different from those in conventional non-self-sustained transverse
discharges.

Let us � nd out how the presence of a strong magnetic � eld Bz

and the nonuniform density pro� le in the boundary layer, N (x , y),
affects structure and parameters of cathode and anode sheaths in a
hypersonic � ow transverse discharge supported by electron beams.

A key problemin modeling electrodesheaths that are also bound-
ary layers is to determine what heating mechanism, viscous dissi-
pation or joule heating, is dominant. Viscous dissipation rate in the
boundary layer is

Wg (y)
@

@y
( g g T )u

@u

@y
(6)

An estimate of this dissipationrate for a turbulentboundary layers is
Wg g T u2

ext / d
2 , where g T is the effective turbulentdynamic viscos-

ity coef� cient, averaged over the boundary layer. According to the
algebraic Prandtl–Boussinesq model in a Clauser approximation,
modi� ed by Cebeci and Smith,14

g T a q uext
0

1
u

uext
dy a q uextd

where uext is the � ow velocity at the edge of the boundary layer
and a 0.0168. For typical conditions of interest in this paper,
p 0.1 atm, the ratio of the peak temperature in the boundary
layer to that in the core � ow Tmax / T0 10, boundary-layer thick-
ness d 10 3 m, and the � ow velocityuext 3500 m/s, the effective
viscosity is g T 1.76 10 3 kg/(m s), and the rate of viscousdis-
sipation is Wg 2.25 1010 W/m3.

When evaluating joule heating in the boundary layer, one has
to bear in mind that, although in Faraday-type MHD devices there
is no longitudinal current ( jx 0) in the core � ow, the longitudinal
current in the boundary layer can be quite large.Therefore, the joule
dissipation rate can be calculated as

WJ j 2
x j 2

y r (7)
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where current density and electric � eld components are16 19

jx
r Ex X E y

1 X 2
, jy

r E y X Ex

1 X 2
(8)

Ex X (E y uB ) ext const, E y E y uB (9)

where r is the electrical conductivity and X is the Hall pa-
rameter. In the core � ow of Faraday-type MHD devices, where
jx 0, joule heating rate is WJ j 2

y / r jy E y (k 1)2 r u2 B2,
where k is the loading parameter. At the transverse current den-
sity jy 5 103 A/m2, loading parameter k 1.1, � ow velocity
u 3500 m/s, and magnetic � eld B 20 T, the joule heating in the
core � ow is WJ ext 3.5 106 W/m3, which is much lower than the
viscous dissipation rate per unit volume in the boundary layer.

However, in electrode sheaths immersed into heated and rare� ed
boundary layers, joule heating greatly increases as compared with
that in the core � ow. First, due to charge separation and reduced
mobility of charge carriers, the transverse electric � eld may greatly
exceed that in the core � ow. Second,becauseof the low gas velocity,
the longitudinal Hall current becomes essential19: jx X (y) jy . In
the generalcase, term (13) should be added into the energy equation
of boundary-layer theory, as was done by Kerrebrock.20 Develop-
ment of a self-consistent theory of boundary layers and electrode
sheaths is a very complex problem. In the � rst approximation, we
can uncoupleelectrodesheaths from the boundary layers and calcu-
late the sheath structure as an overlay on independently computed
boundary layers. If then it turns out that joule heating in the sheath
is small compared with the viscous dissipation rate, such an uncou-
pled analysis would be complete. If, however, the joule heating is
stronger than the viscous dissipation,this would indicate a need for
a fully coupled computation and also point to a possible instability.

B. Charge Particle Kinetics
The transversenon-self-sustaineddischargein gas � ow was mod-

eled with a standard set of continuity equations for electron and ion
number densities, ne and n , plus the Poisson equation for the elec-
tric � eld E:

@n

@t
div C q a

Eeff

N
C e,dr b n ne (10)

@ne

@t
div C e q a

Eeff

N
C e,dr b n ne (11)

div E
e

e 0
(n ne ) (12)

where C e neve and C n v are the charged particle � uxes,
C e,dr is the ionizing drift component of the electron � ux (that is,
the � ux without the convective component that does not contribute
to electric current density), q(y) qext N (y)/ Next approximates the
rate of ionization produced by the electron beam, and gas density
N (y) T 1(y) is considered to be determined by the solution of
the boundary-layer problem. In the continuity equations (10) and
(11), accountis also takenofelectric-� eld-inducedionization,which
may turn out to be substantial in those regions where the � eld is
strong and the gas is rare� ed. For the � eld-induced ionization, we
use the conventionallocal Townsend approximation a a (Eeff / N )
(see Ref. 16), with the effective electric � eld in the case of crossed
electric and magnetic � eld17:

Eeff

E2
x (E y u Bz)2

1 X 2

1
2

(13)

where X eBz / m m m x c / m m is the Hall parameter for electrons
and x c eBz / m and m m are the electron cyclotronand collision fre-
quencies. In what is to follow, we will use similar parameters for
ions: X eBz / M m in x c / m in , where m in is the ion–neutral colli-
sion frequency. If the strongest variation of charged particle � uxes
in near-electrodesheaths occurs in the direction normal to the elec-
trodes, an approximation div C @C y / @y can be used in Eqs. (10)
and (11).

The boundary conditions at the electrode surface are, for the
cathode,

C e c C (14)

where c is the effective coef� cient of secondary emission, and, at
the anode,

C 0 (15)

Quasi-neutral plasma density at the outer edge of the boundary-
layer (y ymax) was determined by the ionization rate of qext

1020 cm 3 s 1 , which is close to the average ionization rate pro-
duced by the beam with the current density jb 0.1 A/cm2 and
initial electron energy e b 19.5 keV, and electron–ion dissociative
recombinationwith the rate coef� cient b 2 10 7 cm 3 s 1 , that
is, n ne,ext n , ext (qext / b ).

Note that in the present paper we seek solution of the Poisson
equation only along the transverse coordinate y. The longitudinal
electric � eld is de� ned by the following. As is well known, for
optimalperformanceof an MHD accelerator,theHall currentshould
be compensated,that is, jx 0 (Refs. 18 and19). This compensation
is possible when the longitudinalelectric � eld in the plasma is

Ex X (E y u Bz ) (16)

On the other hand, for the conditions considered, the electric
� eld is potential, and the longitudinal and transverse electric � eld
components are related by the Maxwell equation

E 0 or
@Ex

@y

@E y

@x
0 (17)

From Eq. (17), Ex is constant with y only when the transverse
� eld Ey is constant along the � ow. Ohm’s law for the cur-
rent density jy then dictates that, at E y, ext const, a condition
d( jy / r ext)/ duext Bz should be satis� ed, in a uniform magnetic
� eld.13 Thus, at quasi-constantconductivity, r ext const, the current
density jy has to vary along the channel. In the computations, we
assumed Ex X (Ey u Bz ) ext const. We realize that this condi-
tion represents a rather crude approximation for the boundary layer
and, certainly, for near-electrodesheaths.More realistic calculation
of Ex would be possibleonly within a full two- or three-dimensional
problem, which is outside the scope of the present paper.

C. Examples of Electrode-Sheath Structure
Computationsof anode-sheathstructuresare shown in Figs. 5 and

6. In the computations,we assumed for simplicity that the ionizing
electron beams � ll out the entire side wall of the channel. Bound-
ary layers were computed at 50 cm downstream from the MHD
accelerator entrance, with the core � ow velocity of 3500 m/s and
static pressure p 0.1 atm. Anode-sheath structure was then com-
puted as an overlay on the boundary layer, for the current density
jy 0.5 A/cm2 and magnetic � eld of B Bz 20 T. Two ioniza-
tion mechanisms were included in the calculations: ionization by
the injected electron beams, as in the core � ow, and ionization by
plasma electronsacceleratedin strongnear-anodeelectric � eld. The
ionization rate due to plasma electrons was calculated as

q1(y) a (Eeff / N ) j 2
x j 2

y

1
2 e (18)

where, as before, a is Townsend ionization coef� cient and Eeff is
determined by Eq. (13). The contributionof this ionization mecha-
nism was found to be signi� cant, due to both high values of Eeff / N
and strong Hall current jx in the sheath.

The computed cases 1, 2, and 3 in Figs. 5 and 6 correspondto dif-
ferent assumptionsregarding the rate of beam-inducedionization.If
the currentdensity of the beams near the anode is the same as that in
thecore � ow (case1), then thebeam-inducedionizationrateq would
be proportionalto the gas number density N: q qext N / Next, where
Next is the gas number density in the core � ow, which translates to a
very low ionizationrate in the hot, rare� ed boundary layer. Because
of the need to sustain electric current, combined with the reduced
electron mobility across the strong magnetic � eld, this results in
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a)

b)

Fig. 5 Computations of anode-sheath structures; curves 1, 2, and 3
correspond to different assumptions about the rate of beam-induced
ionization:case 1 q = q0N(y)/Next, case 2 q = q0[N(y)/Next]0:25, and case 3
q = q0[N(y)/Next]0:05 and computed anode voltage falls in the three cases
are Va1 = 695 V, Va2 = 260 V, and Va3 = 35 V: a) Ionization rate q and b)
rates of viscous (W´ ) and joule (WJ) dissipation in the anode sheath as
functions of distance to the anode.

a wide anode sheath with high voltage fall and transverse electric
� eld (Fig. 6, curves1). The reducedconductivityand the strongHall
current jx in the sheath result in a joule heating rate that somewhat
exceedsthe rate of viscousdissipation(Fig. 5, curves1). That WJ ex-
ceeds Wg by no more than a factor of 2 is because in this hypersonic
regime, with core � ow velocities about 3500 m/s, viscous dissipa-
tion rate Wg in the boundary layer is very high. Because WJ and Wg

are comparable, a fully coupled steady-state analysis of boundary
layers and electrode sheaths would alter the results but not by or-
ders of magnitude.However, the large contributionof WJ to the heat
balance could potentiallylead to instability.A local increase in tem-
perature and decrease in densitywould decrease the ionization rate,

T 1 , and electron density, T 1/ 2 , but the conductivity would
increase proportionally to T . The local Hall parameter would in-
crease, T , and so would the Hall current jx . The joule heating rate
would then go up as j 2

x / r X 2 / r T 3/2 , further increasing the
temperature and thus closing the instability loop. A detailed analy-
sis of the onset and dynamics of this instability is possibleonly with
a fully coupledanalysis,which is outside the scopeof thispaper.The
anode sheath being quite thin (50–100 l m), heat conductionwould
be quite effective in dissipating temperature � uctuations. Also, be-
causeinsuf� cient ionizationis the primarydrivingfactorfor thehigh
joule heating rate, an additional ionization could help to reduce the
heating rate and to suppress the instability. The additional ioniza-
tion can be due to increase in Eeff / N within the region of positive
temperature � uctuation, or can be created arti� cially by manipulat-
ing electron beam current. Cases 2 and 3 in Figs. 5 and 6 corre-
spond to increased beam current density in the thin anode sheath:
q qext(N / Next)0.25 (case 2) and q qext(N / Next)0.05 (case 3). As
seen in Figs. 5 and 6, enhanced ionization indeed reduces WJ to
the level below W g (case 3), reducingalso sheath thickness,voltage
fall, and the electric � eld.

a)

b)

Fig. 6 For parameters of Fig. 5: a) electron and ion number densities
and b) transverse electric � eld Ey and the ratio of gas temperature to
the wall temperature T/TW as functions of distance to the anode.

D. Effect of Ponderomotive Forces on Boundary Layers
In hot, rare� ed boundary layers, ionization kinetics and electro-

dynamics may be different from those in the core � ow. In turn,
the body forces existing in MHD channels affect the boundary lay-
ers. One important difference between gasdynamics in accelerators
and power generators is the sign of the effect of ampere forces on
boundary layers. Indeed, whereas in accelerators the ampere force
acts along the � ow and against viscous friction, accelerating the
� ow and reducing the boundary-layer thickness (see the preceding
discussion), in power generators the j B body force is added to
the viscous forces, thus making boundary layers thicker. This is
shown in Fig. 7, where � uid and thermal boundary-layer pro� les
are shown at a � xed distance from the constant-area channel inlet
and two values of the freestream velocity, for the channel without
magnetic � eld, Bz 0, accelerator, positive Bz , and power gener-
ator, negative Bz . The substantial changes in the boundary layers
caused by ampere forces are quite apparent.

E. Effect of Thermal Ionization in the Boundary Layer
As pointedout in Sec. III, electronbeams injectedinto thechannel

do very little ionization near the wall. However, hypersonic bound-
ary layers can be very hot, and thermal ionization can be quite
substantial there. If the ionization fraction in the boundary layer is
much higher than the beam-generated ionization in the core � ow,
the boundary layerwould form a highly conductivechannel through
which most of the electric current would � ow, potentially degrad-
ing the channel performance. Note that, in this section, we discuss
boundary layers that are not electrode sheaths (left and right layers
in Fig. 2).

To estimate the magnitude of this effect, we performed calcula-
tions of the turbulentboundary layer in the case of an MHD acceler-
ator with a 20-Tmagnetic � eld that reachesMach 14.5 at T 240 K
at the exit. The details of this case are presented in Sec. V. Again,
for simplicity we assumed that the ionizing beams, instead of being
concentrated in periodic slots, � ll out the entire side wall. Taking
electric current and core � ow density, temperature, and velocity
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a)

b)

Fig. 7 Fluid and thermal boundary layer pro� les at a � xed location
x = 0:5 m from the channel inlet; pressure p = p0 = const; conductivity
and transverse electric � eld assumeduniformalongthe channel; loading
parameter k = 1:1. Freestream velocity is u0 = 3500 m/s.

pro� les along the channel from the quasi-one-dimensional calcula-
tion of Sec. V, � uid and thermal boundary layers were computed
in two limits: an adiabatic wall and an ideally cooled isothermal
(Tw 300 K) wall.

The most dangeroussituationwould occur at the end of the accel-
erator channel, where gas velocity is the highest. The calculation12

(with an estimated accuracy of about 5% determined mostly by the
accuracy of the equation of state) showed that the peak temperature
in the boundary layer is 3700 K for the ideally cooled isothermal
(Tw 300 K) wall, but as high as 4500 K in the adiabatic wall case.
With the static pressureat this location p 0.007 atm, the thermally
equilibriumionizationfractionswould be a T 3700 K 5 10 6 and
a T 4500 K 8 10 5. The electron beam-induced ionization frac-
tion in the core � ow at this location is a pl 4.28 10 6. Thus, with
the peak temperature of 3700 K in the boundary layer, there should
be no short circuiting.Even with the 4500-Kpeak temperature,there
seems to be no great dangerof short circuiting:Despite the electrical
conductivity that is 20 times higher than in the core � ow, the highly
conductive region is only about 0.3 mm wide, so that the resistance
of this layer is equivalent to the resistance of 6-mm-wide slab of
core � ow air. (The channel width at this location is about 50 cm.)

Other consequencesof high electrical conductivity in the bound-
ary layer are related to the potential instability discussed in Sec. IV.
C. A fully coupled analysis of this problem is beyond the scope of
this paper.

To conclude this subsection,we note that, at Mach numbers of 10
and lower, thermal ionizationin the boundarylayer of channelswith
electron-beamionizationwould not cause a short circuit. However,
at very high Mach numbers, for example, Mach 14, the boundary
layer would probably have to be cooled, for example, by injecting a
cold gas. Cooling of the boundary layer would have to be done also
for other purposes, such as to protect channel walls and foils from
erosion and melting.

V. Quasi-One-Dimensional Modeling of MHD
Channels with Electron-Beam Ionization

A. Basic Equations and Kinetic Rates
To evaluate performance limits of MHD power generators and

accelerators with ionization by electron beams, one-dimensional
calculations could be very useful. When a speci� c regime is found
promising from the one-dimensional analysis, further two- and
three-dimensional computations could be performed to reveal the
� ow structure: ionization pro� le, velocity and temperature � eld,
boundary layers, etc. Additionally, in earlier papers,4,12 we found
that two-dimensional modeling with ionization pro� les computed
with forward or forward–backward approximation gives the same
mean � ow parameters in any cross section as one-dimensionalmod-
eling does. The one-dimensional code should include a reason-
ably simple but essentially correct model of ionizationkinetics and
molecular vibrational relaxation.

The latter can certainlybe important.Indeed,a substantialportion
of the energy that plasma electrons receive from the transverseelec-
tric � eldcanbe channeledintovibrationalexcitationofairmolecules
(primarily, nitrogen). Because the static pressureand temperaturein
the channelsare expectedto be low, and the gas residencetime inside
the channel quite short, most of the energy of vibrational excitation
could be simply convected out with the � ow, without relaxation.
This would affect both gasdynamics inside the channel and the exit
� ow quality.

When it is assumed that most of the vibrational energy is stored
in nitrogen,and nitrogen relaxes in collisionwith oxygenmolecules
and atoms, the vibration–translation relaxation time can be written
as21

s 1
VT N 7 10 10 exp 141T

1
3

a 0 5 10 12 exp 128T
1
2 , s 1 (19)

where N is the total numberdensityof the gas, T is the static temper-
ature in Kelvin, and a 0 is the mole fraction of atomic oxygen. The
one-dimensionalvibrational energy equation then can be written as

d(N e v )

dt
N e v u qv Qv

N e v e 0
v (T )

s VT(T )
(20)

where qv is the vibrational energy � ux due to molecular diffusion.
In hypersonic � ow, at moderate or high densities, the qv term is
always negligible compared with the convective term. The term Qv

in Eq. (20) is the rate of vibrational excitation per unit volume,
and e v and e 0

v (T ) are the nonequilibriumand thermally equilibrium
values of vibrational energy per molecule.

For one-dimensionalsteady � ow, the vibrationalenergy equation
can be rewritten as

dEv

dx
Qv

Ev E 0
v (T )

s VT(T )
u

Ev

q

d q

dx
(21)

When the deviation from equilibrium is not very large, nonequilib-
rium and equilibrium vibrational energy can be expressed through
the respective temperatures (Tv is the vibrational temperature) by
the Planck formula:

Ev N e v N
h̄ x 0

exp(h̄ x 0 / Tv ) 1

E0
v N e 0

v N
h̄ x 0

exp(h̄ x 0 / T ) 1
(22)

where h̄ x 0 is the lowest vibrationalquantum of nitrogen molecules.
Vibrational free energy and entropy per molecule can be written as

Fv h̄ x 0 / 2 Tv [1 exp( h̄ x 0 / Tv )] (23)

Sv kB
@Fv

@Tv
kB

h̄ x 0

Tv

1

exp(h̄ x 0 / Tv ) 1

[1 exp( h̄ x 0 / Tv )] (24)
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Speci� c, that is, per unit mass, vibrational entropy is Sv

Sv N / q J/kg K.
The vibrationalexcitation term Qv can be expressed as a fraction

g v of the joule heating rate:

Qv g v jy(E y uBz ) (25)

The fraction g v g v ((E y u Bz )/ N ) < 1 is determinedon the basis
of the solution of Boltzmann kinetic equation for plasma electrons
performed and tabulated in Ref. 22.

The vibrational energy equation (21) should be solved together
with continuity,momentum,energy,and equationof state equations,
assuming an ideal Faraday accelerator:

d( q u A)

dx
0,

q u du

dx

dp

dx
jy Bz

q u
d( c e u2 /2)

dx
jy E y Qv

Ev E0
v (T )

s VT(T )
Qb

p Rq T ( c 1) q e (26)

where A(x ) Z 2(x) is the cross-sectional area of the channel,
Qb 2 jb e b / eZ is the rate of energy addition by the two ionizing
electron beams injected from the opposite sides of the channel, e b

and jb are the electron beam energy and current density, and Z is
the channel width.

The transverse current density in an ideal Faraday accelerator is

jy r (E y u Bz ), r e l ene (27)

where r is the electrical conductivity, l e is the electron mobility,
and ne is the plasma electron number density.

In the case of an ideal Faraday power-generationchannel, the set
of equations is similar to Eqs. (26) and (27):

d( q u A)

dx
0,

q u du

dx

dp

dx
(1 k) r uB2

z

q u
d( c e u2 /2)

dx
k(1 k) r u2 B2

z Qv

Ev E0
v (T )

s VT(T )
Qb

dEv

dx
Qv

Ev E0
v (T )

s VT(T )
u

Ev

q

d q

dx

Qv g v (1 k)2 r u2 B2
z , p Rq T ( c 1) q e (28)

where A A(x ) is the MHD channel cross-sectionalarea.
The loading parameter k < 1 for power-generation channels is

de� ned as the ratio of the voltageon the external load in the electric
circuit to the electromotive force u Bz . Total power extracted from
the MHD channel,

Wext k(1 k)
V

r u2 B2
z dV

and the ef� ciency, v Wext / [q u A(u2 / 2 cp T )]x 0 , can be calcu-
lated after solving the gasdynamic equations.

The plasma in both accelerator and power-generator channels is
modeled as consisting of electrons and positive and negative ions,
whose number densities ne , n , and n obey the quasi neutrality:
n ne n . The set of equations for kinetics of charge species,
accounting for electron-beam-induced ionization rate (qi term), at-
tachment of electrons to molecules with formation of negative ions
(frequency m a ), collisional detachment of electrons from negative
ions (rate constantkd ), and electron– ion and ion–ion recombination
(rate coef� cients b and b ii , respectively), is

@ne

@t

@C e

@x
qi kd Nn m ane b n ne

@n

@t

@C

@x
qi b ii n n b n ne

@n

@t
@C

@x
kd Nn m ane b ii n n (29)

For one-dimensional stationary � ow (@ne, , / @t 0), in the case
of Ex 0 (ideal Faraday acceleratoror power generator), the � uxes
of charged species can be written simply as C e, , (x ) ne, , u.

The approximationformula for the electron-beamionizationrate
is

qi 2e b jb / eWi Z (30)

where Wi is the ionization cost (see Sec. III).
Two- and three-body ion–ion recombination in air,

A B A B, A B M A B M (31)

can be characterizedby the rate coef� cient23

b ii 2 10 7(300/ T )
1
2 1 1 10 18 N (300/ T )2 , cm3 / s

Electron–ion recombination is dissociative:

e
O2

N2

O O

N N
(32)

with the rate coef� cient b 2 10 7(300/ Te )1/ 2 (Ref. 23), where
Te is the electron temperature.

The primary processes of three-body electron attachment and
their rate coef� cients23

e O2 O2 O2 O2

ka1 1.4 10 29 300
Te

exp
600
T

exp
700(Te T )

Te T
, cm6 / s

e O2 N2 O2 N2

ka2 1.07 10 31 300
Te

2

exp
70
T

exp
1500(Te T )

TeT
, cm6 / s (33)

Because rate coef� cientsof processes (32) and (33) dependon Te ,
it is important to calculate the electron temperature in the modeling.
In our computations, electron temperature was determined from
the tabulated data on electron diffusion and mobility coef� cients
of Ref. 22. In Ref. 22, the diffusion and mobility coef� cients are
listed as functions of E / N , determined from experimental data and
extrapolation based on solution of Boltzmann kinetic equation for
electrons in air.

In principle, attachment could also be dissociative:

e O2 3.6 eV O O (34)

However, this process has a relatively high threshold, and its rate
exponentially depends on Te or E / N . In typical cases of interest
for hypersonic MHD channels with electron-beam ionization, the
parameter E / N , where E E y u Bz, is very small, and the pro-
cess (34) for plasma electrons can be neglected.However, in future
work it would be desirable to evaluate the role of process (34) with
participationof high-energy beam electrons.

The dominantprocessof collisionaldetachmentof electronsfrom
negative ions and its rate constant,24

O2 O2 e 2O2

kdO2 8.6 10 10 exp( 6030/ T )[1 exp( 1570/ T )] cm3/s

(35)
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Detachment can also occur in collisions with excited species, for
example,

O2 O2 a1 D g e 2O2, kd A 2 10 10 cm3/s (36)

Detachment in collisions with other active particles has rate co-
ef� cients of the same order of magnitude as Eq. (36). Therefore,
in general, the frequency of detachment is m d kdO2 NO2 kd A NA ,
where NA is the number density of active particles. At suf� ciently
high concentration of active species, electron attachment could be
balanced by detachment.

B. One-Dimensional Modeling of MHD Accelerators
with Electron-Beam Ionization

As an example, we computed the case of interest for developing
a hypersonic wind tunnel. The tunnel has to generate a � ow of air
with Mach 12–15 and dynamic pressure of 2000 psf (about 1 atm)
continuously (or, at least, with run time of many seconds). The hy-
brid tunnel3,4 would consist of three major parts: ultrahigh-pressure
plenum, laser or electronbeamheatingin supersonicexpansion,and
MHD accelerator.

As a benchmark, we used a case with an ultrahigh-pressure
plenum followed by electron beam heating and expansion, with-
out the MHD part. The benchmark case was computed by Robert
Anderson of Princeton University using his one-dimensional code
that included a real-gas equation of state and a model of energy ad-
ditionby relativisticelectronbeams developedby one of the authors
(Lipinski). The plenum pressure and temperature were 20,000 atm
and 900 K, respectively. The heating by 1–3-MeV electron beams
started at Mach 2. The heating and expansionwas optimized to add
maximum energy to the � ow, provided that the static temperature is
not allowed to exceed about 2600 K and that the exit temperature,
240 K, and dynamic pressure,2000 psf, are given. The computation
by Anderson estimated that the maximum Mach number achievable
under these constraints is about Mach 12.2.

For the hybrid facility (ultrahigh-pressure plenum, heating by
relativistic electrons in supersonic expansion, plus MHD accelera-
tor), the energy addition by relativistic electrons was terminated at
the point where the gas reaches its maximum temperature. Specif-
ically, for the benchmark case, the static pressure at this point was
206.6 atm, the static temperature 2590 K, and velocity 2829 m/s.
The gas then was isentropically expanded to the static pressure of
0.1 atm, at which point its static temperature became 373 K and
velocity 3667.6 m/s. These conditions were considered to be the
initial conditions at the entrance of the MHD accelerator channel.
With mass � ow rate of 10 kg/s, the MHD channel is 17 cm wide at
the entranceand, with Mach 14.5 at T 240 K at the exit (discussed
subsequently), is about 47 cm wide at its exit. The magnetic � eld in
the channel was put at B 20 T.

When the channel performance is optimized, several important
constraintshave to be obeyed. In addition to the given exit dynamic
pressure and static temperature, there are constraints on electric
� eld, loading parameter, and ionizing beam current.

The constraint on the electric � eld is related to ionization by
plasma electrons and a possibility of short circuiting between ad-
jacent electrode segments. Let us consider this problem for a Fara-
day channel. The key parameter determining ionization processes
due to plasma electrons is E / N , which is proportional to the en-
ergy gained by an electron between collisions. In an ideal Fara-
day MHD accelerator, the effective electric � eld is E E y uBz ,
so that the parameter is (E y uBz )/ N . If the Hall parameter X
in the plasma is large, then in the boundary layer near the seg-
mented electrodes, the electric � eld is determined mostly by its x
component that is designed to eliminate Hall current in the plasma:
Eb Ex X (Ey u Bz ). However, becauseelectronsin the bound-
ary layer have to move across the strong magnetic � eld at high Hall
parameters, their effective mean free path is determined by spiral-
ing around magnetic � eld lines rather than by collisions. Because
the Larmor radius is proportional to magnetic � eld and does not
depend on density, it is the product Nb X b (subscript b denotes
boundary layer) that should be used instead of just Nb to determine
the E / N parameter in the boundary-layernear electrodes.However,
becauseHall parameter is inverselyproportionalto density, the ratio

Eb / (Nb X b) is equal to (E y u Bz )/ N . Thus, it is the parameter
(E y uBz )/ N that de� nes the intensity of ionization processes in-
duced by plasma electronsboth in the core � ow and near electrodes.

To avoid electric breakdownbetween the electrodesegments, the
(E y uBz )/ N parametershouldbe kept low: (E y u Bz )/ N 100
Townsend (Td), where 1 Td 10 17 V cm2. However, there is
a more restrictive condition imposed on (E y uBz )/ N : For sta-
bility, the plasma has to be non-self-sustained and fully con-
trolled by electron beams, so that the rate of ionization by
plasma electrons has to be less than that by the beams. This
condition can be approximately expressed as (E y u Bz )/ N <
20 Td.

For the best performance, push work in the accelerator should
be maximized, while joule heating that results in entropy in-
crease should be minimized. Therefore, the loading parameter,
k E y / (u Bz), shouldbekept veryclose to 1. This makes theelectric
currentand the j B force small, so that a longer channel is required
to provide the necessary kinetic energy augmentation.Also, with k
close to 1, gas velocity quickly reaches the limit E y / Bz. With the
uniform and constant magnetic � eld, further accelerationwould re-
quire an increase in the transverse electric � eld. However, from the
Maxwell equation (17), it is clear that Ex does not vary with y only
when the transverse � eld E y is constant along the � ow. The longi-
tudinal � eld Ex X (E y u Bz ), created by independently biasing
electrode segments, is necessary to eliminate Hall current. There-
fore, if the transverse electric � eld varies along the channel, the
complete elimination of the Hall current becomes impossible, and
the channel performance will deteriorate.

A solutionto theproblemofmaximizingperformancewhilekeep-
ing E y constant along the channel is to have several consecutive
MHD channels, each with its own E y . At the end of the � rst chan-
nel, the � ow would reach its maximum velocity E y / Bz. Then, the
� ow would enter the second channel, with slightly higher E y , reach
the new maximum velocity, etc. If the loading parameter k is very
close to 1, the channel length may become shorter than its width,

Fig. 8 Computed pro� les of gas parameters along the channel in the
MHD accelerator case with electron beam injection through periodic
slots: a) S1 is speci� c entropy variation for the case with energy addi-
tion by a relativistic electron beams with no MHD, S is speci� c entropy
variationfortheMHD case (solid line is translational–rotationalentropy
and dashed line full entropy, including vibrational entropy), h ui /u0 is
gas velocity averaged over the channel cross section, h u i , relative to
the initial velocity u0; b) pro� les of dynamic pressure pd and the Mach
number M; c) temperature and pressure variation along the channel
( h ¢ ¢ ¢ i means averaging over the channel cross section); and d) vibra-
tional temperature Tv and the effective electric � eld strength variation
along the channel.
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which would lead to a nonuniform electric � eld, again reducing the
channel performance. Therefore, k should not be too close to 1:
ls a(x ) for E y uniformity.

Another important parameter is the current density of the ioniz-
ing electron beams. This current density should be kept low, about
1 mA/cm2 , to minimize heating and entropy increase in the MHD
channel. This relatively low beam current density also alleviates
beam injection and foil heating problems. However, the resulting
electrical conductivityin the channel is not high. To compensate for
the reduced conductivity,very strong magnetic � elds and very long
channels may be needed.

a)

b)

c)

Fig. 9 Pro� les of electron beam energy "b, gas number density N, number densities of electrons and positive and negative ions ne, ni, and nn , and
electron recombination and attachment frequencies ºrec and ºa for the case shown in Fig. 8.

The set of Eqs. (26) [or Eqs. (28), in the generatorcase in Sec. V.
C] and (29) at steady state was solved by the modi� ed second-order
Euler method. The numberof equal spatial steps was n 1000. Fur-
ther increasingthe number of steps was found to produce negligible
variation of results.

Figures 8 and 9 show the computed results for the periodic-slot
electron beam injection. The width of each slot was 0.5 cm, with
2-cm spacing between the slots. The current density of electron
beams was jb 3.5 mA/cm2 and the magnetic � eld strength 20 T.
The best results were obtained with the loading parameter of 1.075
in the � rst subchannel and 1.06 in subsequent subchannels. The
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boundaries between the subchannels are clearly seen in Fig. 8d as
points where electric � eld strength experiences sharp jumps. Be-
cause of the sensitivity of recombination and attachment rates to
electron temperature,which in turn depends on electric � eld, sharp
jumps are also seen in the correspondingcurves in Figs. 9b and 9c.

As seen in Fig. 8, this con� guration generates Mach 14.3 at
2000 psf, with the channel length of 3.8 m. Figures 9b and 9c
show pro� les of charged-particle densities and electron removal
rates along the channel. The oscillations of number densities of
electrons and positive ions and of recombination rate are a result of
ionizing electron beams being injected through periodicallyspaced
slots (see Fig. 1); between the slots, plasma only decays. With the
proper spacing between the slots, the number densities of electrons
and positive ions stay close to 1012 cm 3 , with relatively little vari-
ation. Because of the decreasing gas density, electron attachment
plays a role only in the � rst meter of the channel. In the rest of
the channel, it is electron– ion dissociativerecombinationthat deter-
mines electron balance.

As seen in Fig. 8d, vibrational temperaturereaches almost 0.1 eV
at the exit. Although this constitutesonly a very small fractionof the
total enthalpy, the vibrational– translational nonequilibriumis quite
pronounced. To check how sensitive this result is to air chemistry
that was not coupled with the gasdynamics,we computed the varia-
tion of characteristicvibrationalrelaxationtime along the channelat
different mole fractions of atomic oxygen.12 Because the residence
time of molecules inside the channel is less than a millisecond,only
a very large mole fraction of atomic oxygen, on the order of 10%,
couldaffect the relaxation.Becausesuchmole fractionscouldhardly
be expected to exist in the channel, removal of vibrationallyexcited
molecules would proceed primarily by convection with the hyper-
sonic � ow. Because nitrogen vibrational relaxation rate in collision
with water molecules is comparablewith that in collisionswith oxy-
gen atoms, it is also unlikely that a presence of water vapor would
affect vibrational kinetics under these conditions.

The computations were performed assuming an ideal quasi-one-
dimensionalFaraday channel. However, such an ideal channel may
be dif� cult to realize. Because of the high Hall parameters in the
core � ow, and even higher boundary-layer Hall parameters, elec-
tric current in the boundary layer near the anode would � ow at a
grazing angle with respect to the anode. This could lead to current
concentrationat the edgesof anodesegmentsandarcingbetween the
segments. Ways to minimize such undesirable effects and more so-
phisticated three-dimensionalmodels that would take into account
Hall currents in the boundary layer should be considered in future.

Fig. 10 Pro� les of temperature, pressure, velocity, density, and Mach
number in the MHD power generator case.

Another consequenceof operation at high Hall parameters is that
the so-called ion slip19 could play a role, somewhat (not dramati-
cally) reducingperformanceof the MHD device.25 Again, a detailed
analysis of this effect should be a subject of further work.

C. One-Dimensional Modeling of Hypersonic MHD
Power Generators with Electron-Beam Ionization

One-dimensionalmodeling of MHD power generators is similar
to that of accelerators, as detailed in Sec. V.A. The constraints are
also similar to those imposed in Sec. V.B. The performancerequire-
ments that we imposed in calculationsare to maximize the extracted
power while keeping the static temperature within about 1000 K.
The example case corresponds to Mach 10 � ight at 97,000-ft al-
titude, where the static temperature is about 240 K and the static
pressure is 1.54 10 2 atm. A 10-deg wedge was assumed to cre-
ate a shock upstream of the MHD channel. The � ow parameters
behind the shock are p 0.10915 atm, T 528 K, u 2903.7 m/s,
and M 6.34.

The channelgeometry was that shown in Fig. 1, with the entrance
cross section of 15 15 cm, exit cross section of 45 45 cm, and
a length of 1.5 m. A magnetic � eld of 7 T, representing the current
practical limit of superconductingmagnets, was used in the calcu-
lations. As in the accelerator case, ionizing electron beams were
assumed to be injected through windows forming an array of peri-
odic slots, each slot being 0.5 cm wide, with 2-cm spacing between
the slots.

Figures 10 and 11 show the results for Mach 10 at 97,000-ft alti-
tude and shockproducedby a 10-degwedge upstreamof thechannel
entrance. The entrance cross section Ain 0.15 0.15 m2 and exit
cross section Aout 0.45 0.45 m2 . The magnetic � eld B 7 T.
Electron beams are injected from both sides through periodic
0.5-cm-wide slots spaced by 2 cm. Note that in a similar case with
� ight Mach number of 5, computed in Ref. 12, Mach 1 at a static
temperature of 864 K was obtained at the MHD channel exit. The
extractedpower constituted22.6% of the total enthalpy � ux into the
channel, translatinginto 524 kW. In the presentMach 10case,bring-
ing � ow to sonic while keepingthe static temperaturebelow 1000K

Fig. 11 Pro� les of charged particle densities, vibrational temperature,
and electron-beam energy for the Mach 10 MHD generator case shown
in Fig. 10.
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turns out to be very dif� cult if not impossible. In the computations,
we were able to get down to Mach 3.7 at about 1000-K static tem-
perature.The electron-beamcurrent density jb 1 mA/cm2 and the
loadingparameter k 0.82. The extracted power constitutes13.8%
of the total enthalpy � ux into the channel, translating nevertheless
into an impressive Woutput 2.95 MW. The power input by the ion-
izing beams is only 8.72 kW.

The electron-beam power requirements are important because
thatpower would come from theelectricitygeneratedin the channel.
The actualpower requirementsarehigher than the8.72 kW ofpower
brought by the beams into the channel in the two cases. Perhaps the
most importantadditionalpower requirementis dictatedby the need
for the beams to pass through windows. Energy loss in a typical
foil is about 30–50 keV. The total foil area in both cases is about
2 900 1800cm2, and the beam currentdensityis 0.8–1 mA/cm2.
Therefore, the beam power lossescan be estimatedas 90 kW or less.
Even with these losses, the total beam power requirements are still
substantially less than the extracted electric power.

VI. Summary
We analyzed and developed a novel concept of cold-air hyper-

sonic MHD power generators and accelerators,based on ionization
by electron beams. Special attention was paid to such issues as ion-
ization kinetics, uniformity of beam-generated ionization pro� les,
and the important role of boundary layers and electrode sheaths.
The analysis demonstrated that, with careful choice of parameters,
electronbeams could formstable,well-controlledplasmas,avoiding
many shortcomingsof conventionalMHD channels and potentially
enablingan impressivelevel of performancefor both generatorsand
accelerators.

A numberof critical technicaland engineeringissues would have
to be resolved to make hypersonicMHD channels practical. At this
time, two groups of issues appear to be the most important. The
� rst is cooling of the walls, electrodes, electron-beampass-through
windows, and the boundary layer. Further theoretical work should
include taking into account ion slip effects and Hall current in the
near-anodeboundary layer and developing three-dimensionalmod-
els. Stability issues, including anode-sheath instabilities and inter-
electrode arcing, should be addressed in future work. The second
group of issues is developing a control system, including monitor-
ing key parameters of the channel and controlling electron-beam
parameters and voltages on multiple electrode segments.

Experimental studies of MHD channels with ionization by elec-
tron beams and validation of the models against the experiments
would be quite valuable.
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